ABSTRACT. Let L c R 3 be a discrete lattice and suppose x : M -* R 3 /!/ is a complete and connected minimal immersion. Assuming that x is stable and M has finite genus we prove that if rank L = 1 or 2 then x(M) is a quotient of the plane, the helicoid or a Scherk's surface. The proof combines minimal surface theory with techniques from algebraic geometry.
THE MAIN THEOREM
Suppose L C R 3 is a discrete lattice and x : M->R 3 /L is a complete and connected minimal immersion. Such an x lifts to (and may be obtained as the projection of or quotient of) a minimal immersion x : M-»R 3 ; x need not be periodic but this will be the case if x is proper ( [MR, §1] ). a; is stable if the second variation of the area of M (in the induced metric) is nonnegative for every compactly supported C 1 variation. By [FS] , if x is stable and orientable then x(M) is totally geodesic (Th3, Cor4 and their proofs) and consequently lifts to a plane in R 3 . In this paper we investigate the case where x is stable and nonorientable, and we give conclusions under the additional assumption that M has finite genus.
In [LS] it is proved that a complete nonorientable minimal immersion in R 3 with finite genus and infinite total Gaussian curvature is necessarily unstable:
there is a compact set K CC M such that M -K is orientable, and thus Theorem 1 or Corollary 1 of [F] can be applied. Since the results in [F] apply to immersions into any flat 3-manifold (and much more generally), the arguments in [LS] If M has finite total curvature we can begin by taking the orientable double cover iV of M: if TT : N -> M is the natural projection then we obtain an immersion x = x on. By Huber's Theorem, if we restrict to oriented isothermal parameters then N = N -{pi,... ,pk} is conformally a finitely punctured compact Riemann surface -in particular the assumption of finite total curvature automatically implies M has finite genus. There is also an antipodal map / : N -►AT, an anticonformal fixed-point free involution for which vf o / = jr.
As well, because iV is orientable and x(N) C R 3 /£, there is a meromorphic Gauss map G : iV->S' 2 , and
The existence of G implies that a number of results for immersions into R 
Then x is unstable.
(There is also a Weierstrass representation for nonorientable immersions into R 3 /!/, which we apply in §3).
The inequality in (b) is known as Cohn-Vossen's inequality and holds for an arbitrary complete Riemannian 2-manifold of finite Euler characteristic. For a minimal immersion x : M->R 3 there is a precise version available [JM, Th 4] :
where n(M) is the number of ends of x(M) at oo, counting multiplicity. Now, if M is nonorientable then n(M) > 3 ( [K,Corl] ). Therefore (2) and the equality in (b) imply that deg G > 7 + 3 where 7 is the genus of N. Thus, since AT always admits meromorphic functions satisfying (1) of degree at most 7 + 1, it follows from (d)(i) that any nonorientable x : M-»R 3 of finite total curvature is unstable.* This result is the main conclusion (Th 3) of [Rl] , and it is the above argument which we attempt to adapt for immersions into R 3 /L. The one and only difficulty is that the degree of the Gauss map G need not be so high. The space of rotations of S 2 (= the space of Mobius transformations which preserve (1)) has real dimension 3. Therefore we can apply (d)(ii) when rankL = 1 or 2 and 7 > 1. Analyzing the possibilities when 7 = 0, and *In the context of minimal surfaces the estimate 7 -f 1 on the degree is Lemma 2 of [Rl] . More general results are given in [Ma] , [G] , and [GH] . The first author would like to thank the second author for bringing these references to his attention.
combining with the work of [FS] and [LS] , we obtain our conclusion regarding minimal surfaces: (iii) The classification problem when rankL = 3 is harder, as no simple analogue of Theorem 1 holds for functions of degree 7 -1. In the following section we prove Theorem 1, and in §3 we classify the possibilities in the case 7 = 0. The theorem will be proved by applying standard tools of algebraic geometry to real algebraic curves. Here the term real algebraic curve means one dimensional, non-singular, projective variety over the field of real numbers ( [GH] ), where by convention a variety must be geometrically irreducible [Ha, II.Ex 3.15] . Associated to each real algebraic curve is its field of rational functions. As is well known, the field of functions completely determines the curve, ¥3 ->FJV which is the identity on the subfield of constant functions C ( [FK, 11.11.16, IV.11.17] ). The existence of G satisfying (1) is equivalent to the existence of a homomorphism Fs -> F N which is the identity on the field of constants R. By (4) this is equivalent to giving a morphism of real algebraic curves,
Furthermore, giving such a map g of degree 7 + 1 is equivalent to giving a subvariety (the graph of g) Tg C X x Q, whose projection onto the first factor has degree 1 and whose projection onto the second factor has degree 7 + 1. The totality of all such (irreducible) subvarieties form an algebraic family By Serre duality ( [Se, , [Fo, 17 .9]**)
By Riemann-Roch ( [I, 4.11;p. 187] or [Se, II.4] , [Fo, 16 .9]**)
Thus H is non-singular of dimension 7 + 3 ( [S, 8.5] ). The fibers of p over the real points of the scheme TC are precisely the graphs of the distinct morphisms g : X -> Q of degree 7 +1. These in turn are in bijective correspondence with holomorphic maps G : iV -> S 2 of degree 7 + 1 satisfying (1). Since the real points of H form a manifold of real dimension 7 + 8 the theorem follows.
THE CASE OF GENUS 0
Suppose iV = C is of genus 0. By (d)(i), we need only consider degG = 1. Thus, by suitable choice of coordinates oniV, we can assume g(z) = z where g = TT o G and TT : S 2 -► C is stereographic projection. By (1),
The Weierstrass representation for x : N-+~R?/L can now be written as
**References marked ** are introductory in nature and might be useful if additional background material is desired prior to consulting the actual reference needed. Suppose M has only one puncture. By rotating the immersion in R 3 and making a corresponding change of coordinates on//, we can assume that N = C -{0}. Then P(z) can only have a zero at z = 0, and thus P(z) = cz k .
(6) implies that k = 2 and c = ai is purely imaginary, giving scalings of the helicoid.
Now suppose M has two punctures. We again rotate and change coordinates, after which we can assume the punctures of N occur at the points .e*, e-*, -e**, -e"**, where 0 < 6 < 7r/4. Then 
